Abstract-This paper presents a method for improved auscultation with an electronic stethoscope by estimating and removing the effects of unknown disturbance inputs. By replacing the single transducer in a stethoscope with a dual piezo transducer assembly, it is shown that an inverse dynamic mapping can be used to relate the two measured signals to original directional inputs acting on the stethoscope. Specifically, model inversion is used to estimate and remove physician handling noise from chest sound signals. An experimental test platform which uses a vibration shaker to simulate the desired auscultation signal is used to experimentally demonstrate the feasibility of the dual-piezo stethoscope approach in improving auscultation.
I. INTRODUCTION
Auscultation refers to the medical practice commonly used by physicians to examine the circulatory and respiratory systems through listening with the use of a stethoscope. The stethoscope measures these auscultation signals at the surface of the chest skin and elevates them to a sound level whereby they are audible to the user [1] . Despite its widespread use, there still exists a clear challenge to auscultation in many environments due to high levels of ambient noise. One of the potential noise sources in both patient transport and regular clinical settings is caused by a physician's handling of the stethoscope. This noise can be caused by finger/hand movement along the stethoscope chest piece surface, accidental contact with the chest piece, or muscle hand tremors. Modern electronic stethoscopes which have significantly larger chest pieces and metallic surface areas experience higher occurrence of handling noise.
Passive methods by which the effects of these noise sources can be mitigated have been investigated by other authors. Greenberger demonstrated how isolation from nonphysiological vibrations sensed by a mechanical stethoscope could be accomplished with the use of a flexible member placed between the primary chest piece assembly and its shell [2] . This minimizes the transmission of external vibrations in a band of frequencies, but does not compensate for the stethoscope's loss of sensitivity to biological signals caused by the added isolation. Similar isolation strategies have been employed by Bilan and Cusson for use with an electronic stethoscope [3, 4] . However, their designs have not been focused on the elimination of physician noise. Nelson et al. demonstrated that reduction of physician noise by isolation design may be possible, but the ability to minimize this transmission path without compromising sensitivity to patient signals is limited by available isolation materials [5] . In addition to minimizing the transmission of this type of noise, it is possible to minimize the noise source. By coating the outer surface of the stethoscope with a low friction material, some noise can be prevented [6] . However, this approach will not mitigate all physician noise.
From the available published results, one can conclude that passive mechanical isolation of an electronic stethoscope's transducer from unwanted physician noise sources is possible, but this isolation is often achieved at the cost of a loss in sensitivity to patient chest sounds. Thus, it is advantageous to pursue alternate methods with which the existing performance limitations can be overcome. In this paper, it is demonstrated that by applying control system theory and active noise reduction methods, improved results may be obtained. Regarding the physician handling noise as an unknown disturbance input acting on the stethoscope system, it is possible to estimate and remove the effects of this noise by using knowledge of the stethoscope's dynamics.
The problem of unknown input estimation has long been investigated as a tool for use in control applications. This problem typically arises in systems subject to disturbances, unmeasurable inputs, and un-modeled dynamics or in applications that require fault detection and isolation.
For the linear time invariant system,
where ∈ ℝ , ∈ ℝ , and ∈ ℝ and the system matrices , , and are known, constant, and of appropriate dimension, the objective is to estimate the unknown input, , given the measured signal . In the broadest class of observers, no a priori knowledge of the unknown input is assumed.
Model inversion is one possible technique that has been established to generate a system mapping −1 : → given an initial system map : → . Research in this area can be roughly divided into two categories-that of the left and right system inverse. The left inverse solves the problem of estimating the input, , from a set of measurements, . The right inverse solves the complementary problem of determining the input, , that will produce a desired output, . For systems which have the same number of inputs and outputs, these two inverses are equal. 2016 American Control Conference (ACC) Boston Marriott Copley Place July [6] [7] [8] 2016 . Boston, MA, USA
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Looking at the topic of functional reproducibility, Brockett and Mesarović [7] gave the first necessary and sufficient conditions for invertibility. An alternate test for invertibility has been presented by Sain [8] , but these two criteria have since been found to be equivalent [9, 10] . A strengthened version of these conditions has been presented by Willsky [11] , and an alternate method which establishes invertibility based on the original system matrices ( , , , ) instead of its Markov parameters ( , , , …) has been derived [12] . Brockett [13] provided an inversion algorithm for the linear time-invariant (LTI) single-input single-output (SISO) case. This was later generalized by Silverman [14] to include linear time-variable (LTV) systems. Dorato [15] derived a simplified criterion for invertibility and proposed a procedure for obtaining the inverse of a multiple-input multiple-output (MIMO) system. Further simplifications of this approach have since been presented by other authors [16, 8, 17] . Silverman has provided an iterative procedure for inversion of the MIMO system which includes a built-in existence test [18] . Also, he has demonstrated methods by which the inverse system can be reduced after it has been constructed. Additional research has been conducted to study the stability of such inverse systems. The conditions for the existence of a stable system inverse and its construction are given by Moylan [19] . These preliminary findings were primarily focused on the existence of such systems and their inherent system properties. However, they do not account for unknown initial conditions and do not estimate the states.
This paper presents a model inversion based observer to compensate for unknown initial conditions and to estimate both states and disturbances.
In Section II a model of an electronic stethoscope and it's modification for the purposes of this method is presented. In Section III a method is presented for constructing the left inverse of a linear system subject to unknown inputs. Subsequently, an observer is proposed based on the system inverse that can remove the effect of unknown initial conditions. In Section IV, experimental results are presented for the problem of disturbance estimation for a stethoscope sensing application. Finally, some concluding remarks are presented on the advantages and applications of the unknown input observers which have been provided.
II. STETHOSCOPE MODEL

A. Original Stethoscope Assembly
The 3M™ Littmann® Model 3200 Electronic Stethoscope is a recent advance in stethoscope technology. At the heart of the design is a small flexible disc piezoceramic transducer. When placed on the skin of a patient, small pressure waves and vibrations caused by heart or lung sounds excite the piezo causing a proportional voltage signal. Subsequently, the signal is broadcast to the user via a small speaker at the base of the binaural tube. The stethoscope comes equipped with three different electronic filter modes to condition the signal prior to playing it for the user. These modes, each with a different frequency response, allow the user to select the type of sounds of interest.
The construction of this electronic stethoscope is shown in Fig. 1 . The piezoceramic element, hereafter "piezo", is mounted in a lightweight aluminum transducer housing. Directly on either side of the piezo is a thin layer of foam. A small metal disc is placed on the front side of the piezo to both protect the sensing element and to allow a more even distribution of force. The housing is secured to a plastic ring, referred to as a "foot", which is subsequently attached to the primary chest piece of the device.
The shown construction of the device results in a sturdy structure. However, it is evident that the rigid connection of the transducer housing to the chest piece provides a direct coupling path for noise caused by routine handling of the stethoscope. As a user makes contact with the outer surface of the chest piece, the resulting vibrations travel through the device directly to the sensing element. Therefore, a robust method to eliminate the effect of these handling noise disturbances is desired.
The propagation of vibrational energy through the stethoscope and to the sensing element can be characterized by a dynamic model. The model has two independent inputs, and , corresponding to vibrational inputs from the patient and medic/physician respectively. In a noise free setting, would correspond to both the static force and disturbances applied by a physician on the back of the stethoscope as it is placed on a patient's chest and would correspond to the desired auscultation signal.
B. Dual-Piezo Stethoscope Model
As stated in the introduction, our unknown input observer approach will rely on the assumption that the number of system outputs (i.e. measurements) must be greater than or equal to the number of unknown inputs. Given that the stethoscope has two unknown inputs, at least one more measurement is required beyond that currently available in the original stethoscope design in order to accurately estimate and remove the effects of the unknown disturbance. Accordingly, a second piezo assembly has been added to the design. In order to reduce the complexity and verify the methodology, a simplified dual-piezo mechanical system has been constructed. The design consists of two identical subassemblies each with a piezo sensor. Both piezos are encased in a rigid transducer housing with an upper and lower foam ring support. The two assemblies are connected via a foam disk. A one-dimensional mechanical model of the resulting system can be seen in Fig. 2 .
Within the larger stethoscope body, this simplified mechanical design could be realized by the arrangement shown in Fig. 3 .
In state-space form, the physical system's dynamic model is given as follows: where ∈ ℝ 8 is the state and ∈ ℝ 2 is the unknown input,
and system matrices , , and are of appropriate dimensions. A full derivation of these system matrices for the case of a single-piezo stethoscope has been provided by [5] .
The original model which was theoretically derived has been replaced by a minimal balanced realization. This model can be used to relate the vibrational inputs to pressure on the piezo sensing elements. However, a dynamic model is required to relate these forces on the piezo sensors to their output voltages. The state space representation of the differential equations relating pressure and voltage for piezo can be written as follows
where ∈ ℝ 3 and the system matrices , , and are of appropriate dimension.
The output of each piezo sensor is quite small. In order to amplify and improve the signal quality, a small preamplifier circuit is used for each piezo. The state space model for amplifier is given by the following
where x ∈ ℝ 5 and the system matrices , , and are of appropriate dimension.
For ease of development, the two preamplifier models will be stacked to create a decoupled two input and two output system, , given by ( , , ).
Similarly, the two piezo models have been stacked and the resulting system, , is given by ( , , ).
Schematically, the interconnection of the sub-systems can be seen in Fig. 4 . The following change of notation will be introduced for the complete system model: 1 ≜ , 1 ≜ , 1 ≜ 1 , and 2 ≜ 2 . 
III. MODEL INVERSION BASED INPUT ESTIMATION
A. Generating a Model Inverse
Given a system model, it is possible to obtain a mapping from output measurements to the input signal. Without loss of generality, it can be assumed that in the system given by Eq.
(1), the matrices and are full column and row rank respectively. As done by most authors, it is necessary to restrict the class of systems to those for which the number of unknown inputs is less than or equal to the number of available outputs, ≤ . For convenience of presentation, we have chosen to omit a known control input as it does not apply to the system investigated here or alter the method described herein.
In order to obtain an expression for the unknown input, , differentiate the output from Eq. (1b). Define the relative degree for the ℎ output as the number of times that this output needs to be differentiated for an input to appear, that is
Thus, after differentiating the ℎ output times, we obtain
where the superscript ( ) denotes the ℎ derivative of a variable. Choose of the such that ∑ is minimized. Without loss of generality, assume that 1 ≤ 2 ≤ ⋯ ≤ . Then, the output derivatives can be combined in increasing order of relative degree in matrix form as follows:
This can be written in the following compact notation
by defining � ∈ ℝ , ̅ ∈ ℝ × , and � ∈ ℝ × as
If the matrix � is invertible, then Eq. (14) can be solved to find the input, , in terms of the output derivatives and states
Applying Eq. (16) to the original system equation, a new state equation without the unknown input can be obtained:
If we define the matrices,
the new dynamic equations relating the original system output to an estimate of the input is given by,
The resulting system requires derivatives of the measured output signal to estimate the original system input(s).
The system given by Eq. (19) will provide an exact solution for the state and unknown input provided that the original system is minimum phase and the initial state ( 0 ) = 0 is perfectly known. However, it has no feedback with which to correct for unknown initial conditions. This is addressed in the following sub-section.
B. Model Inversion Based Input Observer
In order to remove these restrictions, it is possible to modify the design of the unknown input observer using classical observer design methods.
Choose the following update law for the state estimate
where ∈ ℝ × . Choose the Lyapunov candidate,
where = ∈ ℝ × . Differentiating,
From the state equation the state estimate error derivative can be rewritten as,
and ̇ can be simplified as follows
where = ∈ ℝ × is defined as
If there exist a pair of symmetric positive-definite matrices and that satisfy equation (25), then the observer can asymptotically estimate the unknown state. By extension, if the observer guarantees that the state estimates will converge to the true state, the input estimate will converge to the true input.
The existence of this solution requires the pair ( , ) to be observable or at a minimum detectable. If the original system is observable and minimum phase, this condition on the pair ( , ) can be guaranteed.
The benefit of this observer design is that it does not require any assumptions about the boundedness of the unknown input. However, since it requires that the original system is minimum phase, it may rule out its applicability to some physical applications in which sensor locations relative to the input location may result in unstable zeros.
IV. STETHOSCOPE DISTURBANCE ESTIMATION
It is possible to construct a full system observer for the combined model for the stethoscope described in section II. However, here we have chosen to design an unknown input observer for each cascaded subsystem. This minimizes the number of output derivatives required for each estimator (i.e. reduces the effect of measurement noise).
The first step to verifying the designed unknown input/disturbance observer was to benchmark its performance using simulated data. Simulating the system with a clean heart sound recording patient signal and broadband random noise disturbance signal, sample measurement signals were obtained. Using the proposed algorithms, it was possible to successfully extract the desired auscultation signal below 1 kHz.
In order to experimentally verify the proposed design and algorithm on the physical system, a prototype of the proposed dual-piezo assembly was constructed and tested. Experimental testing was accomplished by stimulating the dual-piezo assembly with vibrational noise from both potential noise sources. For the generation of patient noise, a vibration shaker was used to generate a vibrational noise signal representative of a standard heartbeat. Traditionally, this noise would be coupled to the sensor via the patient's thorax. In a lab setting, this effect is most commonly reproduced through the use of a thorax simulator. For the initial investigation presented here, a thorax simulator has been omitted and the sensor assembly has been directly coupled to the shaker system. During each test, the housing for the first piezo assembly was bonded to the shaker via a foam disk with double-sided adhesive tape. The second unknown input, a disturbance due to physician handling noise, was created by rubbing and tapping on the top surface of the second (upper) piezo housing. Although a known reference disturbance signal was not used for this noise source, knowledge of the desired chest sound signal allows for a sufficient assessment of the algorithms performance. Before presenting results in which an auscultation signal is used to drive the system, an initial white noise only patient input test was conducted with no added disturbance signal. Shown in Fig. 5 are the original measurements obtained from each piezo sensor. Since only a single input was present, after processing the data through the designed observer, the signal energy should all be attributed to a single input. More specifically, all the input should be identified as having originated from input 1 (i.e. 1 ). As shown in Fig. 6 , in general this is confirmed in the processed data.
For frequency components below approximately 800 Hz, the signal estimate agrees well with the original input signal. In this same frequency range, the second input estimate has been reduced greatly. However, in both datasets it can be seen that considerable high frequency components exist which diverge from the desired signal. These errors are due to the numerical derivative approximation and the given choice of observer gains. Given that much of the estimate error lies above the frequency range of interest, it can be removed with filtering. After adjusting the responses, the time domain signal estimates shown in Fig. 7 are obtained. The estimate of the first input agrees will with the actual input signal used for the experiment. Additionally, as desired, the amplitude of the second input estimate is considerably smaller. Existing approaches to minimize the effect of disturbances caused by a physician during auscultation have been focused on the design of passive isolation. Typically, a noise reduction is achieved at the cost of compromising the device's sensitivity to patient signals. Here, it has been demonstrated that the effects of these unwanted signals can be removed digitally without causing a loss to patient sensitivity by using an unknown input observer.
Given an original dynamic model, it has been shown that an inverse dynamic system with an observer can be constructed to relate measurement signals to estimates of the original system inputs acting on the system.
A duel piezo sensor assembly has been constructed and experimentally tested to investigate the performance of the proposed algorithms on the stethoscope application. The inverse system observer can successfully attribute signal energy to the respective inputs throughout the frequency range critical for auscultation. With additional model refinement, the estimates produced by the algorithms can be further improved.
Using this approach, it is has been shown that the unwanted effects of disturbances caused by the physician can be reduced while providing a high quality estimate of the original auscultation signal. This technology can improve the stethoscope's performance and generally improve the quality of patient examination in a wide variety of environments. 
